Abstract. The aim of this note is to generalize the Liouville theorem to polyharmonic functions u on R n . We give a condition on spherical means to assure that u is a polynomial.
Introduction.
Let R n be the n-dimensional Euclidean space with a point and h m u 0, where m is a positive integer, h denotes the Laplacian and h m u h mÀ1 hu. We denote by H m R n the space of polyharmonic functions of order m on R n . In particular, u is harmonic on R n if u e H 1 R n . A real valued function u on R n belongs to H m R n if and only if there exists a family fh i g
The Liouville theorem for polyharmonic functions is known in several forms (cf. [1] , [4] , [5] We here note that each condition of Theorem A implies (2), so that our theorem gives an improvement of Theorem A. We also see that if (iii) is replaced by a weaker condition
ux jxj
then u is a polynomial of degree at most s.
The main lemma.
Let us begin by preparing the following lemma, which gives a relation between spherical means and derivatives for harmonic functions. for every r b 0, where P k r is a polynomial of degree at most k.
Proof. We prove this lemma by induction on the length of l. Assume ®rst that l n 1 and where Cm Cm H a2k n b 0 and P l denotes various polynomials of degree at most l which may change from one occurrence to the next; throughout this note, we use this convention. Hence (3) also holds for jmj k 1. The induction is completed.
Proof of the theorem.
First we show that our theorem is valid under the two sided condition on spherical means for polyharmonic functions. as r j 3 y. This implies that qaqx l h mÀ1 0 0 for jlj b s À 2m À 2, so that h mÀ1 is a polynomial of degree at most s À 2m À 2. By repeating this argument, we see that each h i is a polynomial of degree at most
Thus it follows that u is a polynomial. In view of (1), the degree of u is at most 2i À 1 s À 2i À 1 s.
Proof of the Theorem. If u e H m R n , then we see from (1) u dS À r Às P 2mÀ1 r X Hence (2) implies (4) since s b 2m À 1, so that the present theorem follows from Lemma 2.
